Wireless sensor networks (WSN) have become a significant technology in recent years. They can be widely used in many applications. WSNs consist of a large number of sensor nodes and each of them is energy-constrained and low-power dissipation. Most of the sensor nodes are tiny sensors with small memories and do not acquire their own locations. This means determining the locations of the unknown sensor nodes is one of the key issues in WSN. In this paper, an improved APIT algorithm HTCRL (Homothetic Triangle Cyclic Refinement Location) is proposed, which is based on the principle of the homothetic triangle. It adopts perpendicular median surface cutting to narrow down target area in order to decrease the average localization error rate. It reduces the probability of misjudgment by adding the conditions of judgment. It can get a relatively high accuracy compared with the typical APIT algorithm without any additional hardware equipment or increasing the communication overhead.
Introduction
With the increasing development of wireless communication technologies, electronic technologies, embedded technologies, computer technologies and sensor technologies, the research and application of WSN (wireless sensor networks) is extensively popular and is a widespread concern. In recent years, wireless sensor have been widely used in the military field, intelligent agriculture, environmental monitoring, intelligent home system, and intelligent transportation system, search, rescue [1, 2] , etc. WSN consists of a large number of micro sensor nodes and each of them is energy-constrained and low-power dissipation. WSN is a kind of multi-hop and self-organizing network system. The sensors in wireless sensor network are distributed randomly in a designated area. In general, most of the sensor nodes are tiny sensors with small memories and do not acquire their own locations. This means determining the physical locations of the unknown sensor nodes is one of the key issues in WSN. The sensor node location information, however, is of great importance in many WSN applications. The location information could be used in geographical routing; reporting the location of an event; network management; target tracking; etc. [3, 4] .
In small-scale WSN, we could place the sensor nodes regularly and get the location of each node in advance. However, in practical applications, large numbers of sensor nodes always distributed randomly in large areas. Therefore, most sensor nodes' locations cannot be known in advance. Since
Related Work
In this section, we introduce the APIT algorithm. It is a range-free location algorithm of unknown nodes.
The APIT (approximate point in test) [17] algorithm is a range-free WSN localization algorithm. The main principle of APIT algorithm is utilizing the centroid of the overlap sections of the triangles formed by the connected anchors to estimate the location of the unknown nodes. Specifically, the principle is show in Figure 1 . In Figure 1 , assuming there are n anchors connected to the unknown nodes (the black circle in Figure 1 ). The unknown node selects 3 nodes from all the connected anchors. Suppose the number of the connected anchors are n. It has C 3 n different triangles. Then, test whether the unknown node is in the triangles that they select. The process of the test is repeated until all of the ternary combination are exhausted or the desired localization error rate is reached. Then, it calculates the centroid coordinate of the coverage overlap area of all triangles as the coordinate of the unknown node. As shown in Figure 1 , the centroid of the overlap polygon is the estimated coordinates of the unknown nodes. From Figure 1 , the black spot is the unknown node coordinate [18, 19] . The main phase of APIT is shown in Figure 2 .
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Step4: Grid scanning.
If the unknown node is in the triangle composed of three anchor nodes, then the grid count (initialized by 0) in the triangle will decrease by 1. The principle is shown in Figure 6 .
From
Step 2, the unknown node encompassed by several triangles then uses the grid scan algorithm to acquire the overlapping area. When the grid is inside any triangle the grids' count (initialized by 0) in the triangle will be plus 1 in the corresponding area.
Step4: Grid scanning. If the unknown node is in the triangle composed of three anchor nodes, then the grid count (initialized by 0) in the triangle will decrease by 1. The principle is shown in Figure 6 . 
Step 3, we can find the max count of several grids, and then calculate the centroid of the polygon composed by the grids. The formulas are as shown in Formulas (1) and (2). 
In Formulas (1) and (2), x presents the horizontal coordinate of the unknown node, y presents the vertical coordinate of the unknown node, and (xi, yi) presents the coordinates of the grids with the max count.
From the four steps above, the coordinates of the unknown node are known. But it cannot meet the extra low localization error rate requirements in some applications. Theoretically, APIT algorithm could be improved by calculate the fine-grained triangles overlap section to decrease the localization error rate. This paper depends on this theory, proposes an improved APIT algorithm, HTCRL algorithm, to optimize the localization error rate of APIT algorithm.
HTCRL Algorithm

Mathematical Model
In order further decrease the localization error rate, in this paper the homothetic triangle is used to narrow the triangle coverage area. The triangle narrows down gradually until it satisfies accuracy requirements.
As an improvement of the APIT localization algorithm, the HTCRL algorithm adopts the "Perpendicular Median Surface Cutting" to narrow down targeted area in order to decrease the localization error rate. It reduces the probability of misjudgment by adding the conditions of judgment.
Definition 1. Homothetic triangle. Suppose that two triangles are homothetic if a pair of corresponding angles is equal and the corresponding edges are in proportion.
In Figure 7 , if ΔABC ∽ ΔA'B'C', then ∠A = ∠A', ∠B = ∠B', ∠C = ∠C', 
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Step 3, we can find the max count of several grids, and then calculate the centroid of the polygon composed by the grids. The formulas are as shown in Formulas (1) and (2).
In Formulas (1) and (2), x presents the horizontal coordinate of the unknown node, y presents the vertical coordinate of the unknown node, and (x i , y i ) presents the coordinates of the grids with the max count.
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Mathematical Model
Definition 1. Homothetic triangle. Suppose that two triangles are homothetic if a pair of corresponding angles is equal and the corresponding edges are in proportion.
In Figure 7 , if ΔABC ∽ ΔA'B'C', then ∠A = ∠A', ∠B = ∠B', ∠C = ∠C', ∆A'B'C', then ∠A = ∠A', ∠B = ∠B', ∠C = ∠C', An example is shown in Figure 8 . As is shown in Figure 8 , O is the center of ΔABC, and OD, OE An example is shown in Figure 8 . As is shown in Figure 8 , O is the center of ∆ABC, and OD, OE and OF are the heights of the three sides. Then α 1 = α 2 , β 1 = β 2 , γ 1 = γ 2 , OD = OE = OF. An example is shown in Figure 8 . As is shown in Figure 8 , O is the center of ΔABC, and OD, OE and OF are the heights of the three sides. Then α1 = α2, β1 = β2, γ1 = γ2, OD = OE = OF. The improved APIT algorithm adopts the homothetic triangle to narrow down the targeted area. According to the theory of the homothetic triangle, the area of the triangle that encompassed the unknown node will be narrowed down gradually. The principle of the algorithm is shown in Figure 9 . The improved APIT algorithm adopts the homothetic triangle to narrow down the targeted area. According to the theory of the homothetic triangle, the area of the triangle that encompassed the unknown node will be narrowed down gradually. The principle of the algorithm is shown in Figure 9 . As shown in Figure 8 , the center of all the homothetic triangles is the origin coordinates of twodimension which is denoted by
oi oi y is the estimate coordinator of the unknown node N. In the beginning, through PIT test we will get several triangles which encompassed the unknown nodes N. In this stage the purpose is to narrow down the triangle area. 2, 3 …) , the variable j represents the times that the triangle narrow. For example, in Figure 8 , As shown in Figure 8 , the center of all the homothetic triangles is the origin coordinates of two-dimension which is denoted by O i (x oi , y oi ). (x oi , y oi ) is the estimate coordinator of the unknown node N. In the beginning, through PIT test we will get several triangles which encompassed the unknown nodes N. In this stage the purpose is to narrow down the triangle area. ∆A i B i C i is the i th (i = 1, 2, 3 . . . n) that encompasses unknown node N. ∆A i B i C i can be narrowed down to ∆A ij B ij C ij , j = (1, 2, 3 . . . ), the variable j represents the times that the triangle narrow. For example, in Figure 8 , ∆A i B i C i can be narrowed down to ∆A i1 B i1 C i1 . ∆A i1 B i1 C i1 can be narrowed down to ∆A i2 B i2 C i2 . ∆A i B i C i
In Figure 7 , if ΔABC ∽ ΔA'B'C', then ∠A = ∠A', ∠B = ∠B', ∠C = ∠C',
In Figure 7 , if ΔABC ∽ ΔA'B'C', then ∠A = ∠A', ∠B = ∠B', ∠C = ∠C', ∆A i2 B i2 C i2 . The vertex of the triangle moves along the angular bisector simultaneously to narrow down the area. The coordinators of the three vertexes in ∆A i B i C i are A (x i1 , y i1 ), B (x i2 , y i2 ) and C (x i3 , y i3 ). ∆A i B i C i is narrowed down in proportion that the proportion could be supposed k (i = 1, 2, 3 . . . ) , If the triangle has narrowed down j times, the coordinators of ∆A ij B ij C ij are A ij (x ij1 , y ij1 ), B ij (x ij2 , y ij2 ), C ij (x ij3 , y ij3 ), j = 1, 2, 3 . . .. In APIT the nodes A i ', B i ' and C i 'are the anchor nodes and their coordinators are known in advance. The coordinators of A i ', B i ' and C i ' are A i (x i1 , y i1 ), B i (x i2 , y i2 ) and C i (x i3 , y i3 ), therefore the coordinator of node O i ' can be calculated through Formulas (3) and (4). The coordinator of node O i is (x i , y i ).
In Formulas (3) and (4),
In order to calculate the centroid coordinates of the narrowed triangles, for simplicity of calculation it will translate the coordinate axis and the coordinate of O i will be O i (0, 0). After translating the coordinate axis the coordinates of A i , B i and C i will be A i , B i and C i , and separately they are
After narrowing down the translations and translating the coordinate axis, the coordinates are A ij (x ij1 , y ij1 ), B ij (x ij2 , y ij2 ), C ij (x ij3 , y ij3 ). The value of them are shown in Formula (8). Now three vertex of the translation are available. It can be used in node location algorithm. K is the proportion by which the triangles reduced.
The Main Algorithm Flow Descriptions of HTCRL
The improved range free location algorithm based on homothetic triangle cyclic refinement proposed in this paper can decrease the localization error rate efficiently. In APIT algorithm, the size of the overlapping triangle area which embraced by the anchor nodes has a great impact on algorithm performance. Localization accuracy will be greatly improved as the area is reduced gradually. For this, in this paper we proposed a localization algorithm to assist localization, the localization accuracy will be improved by this method.
The main process of HTCRL (Homothetic Triangle Cyclic Refinement Location) algorithm is shown in Figure 10 . Step 1: Initialize the network configuration.
Step 2: Each anchor node in the area broadcasts the messages including their own location information and ID. The nodes (includes other anchor nodes and all unknown nodes collect the messages (ID, position, RSS) and exchange the message with their neighbor unknown nodes.
Step 3: The unknown nodes judge whether they have received the message from more than three anchor nodes? If the number is more than three, it will go to Step 4. If the number is less than three, it will go to Step 7.
Step 4: PIT (Point-In-Triangulation Test) test stage. It will judge whether they are inside the triangle composed by the three neighbor anchors. If the unknown node is inside the triangles, HTCRL algorithm begins to narrow down these triangles until the localization error rate is satisfied for the applications.
Step 5: Acquire triangles overlapping area.
Step 6: Use the homothetic triangle cyclic refinement algorithm to calculate the centroid of the overlapping area in Step 5, which is the estimated coordinates of the unknown nodes.
Step 7: end.
Simulation and Result
The Parameters of Network in Experiments
In our experiments, several parameters are studied that affect the localization error rate directly in the HTCRL algorithm. The parameters of network include anchors heard, node density, anchor percentage, anchor to node range ratio. In this paper, suppose the radio model is perfectly circular.
Anchors Heard (AH): This parameter is defined as average number of anchors that a node heard and used in experiment. In the network, the more anchors heard the accuracy is better. However, the more anchors heard the cost is higher. In our experiments, the number of anchors nodes in the network is from 3 to 21. Step 1: Initialize the network configuration.
Simulation and Result
The Parameters of Network in Experiments
Anchors Heard (AH): This parameter is defined as average number of anchors that a node heard and used in experiment. In the network, the more anchors heard the accuracy is better. However, the more anchors heard the cost is higher. In our experiments, the number of anchors nodes in the network is from 3 to 21.
Node Density (ND): This parameter is defined as average number of nodes in a hop communication range. The nodes include unknown nodes and anchor nodes.
Anchor Percentage (AP): This parameter is defined as the percentage of anchors in all sensor nodes. The values can be calculated in Formula (9). In the following, it uses as anchor percentage. That is the number of anchors divided by the number of anchors and the unknown nodes.
Anchor to Node Range Ratio (ANR): This parameter is defined as the average radio range of the anchor divides by the average radio range of the unknown node. From our past experiments, the value most suitable value is 3.
The Performance of the Localization Algorithm
Assume the actual coordinate of the unknown nodes is (x i , y i ), The estimated coordinate of the unknown nodes is (x i , y i ). n is the number of the unknown nodes; R is the radio range of the unknown nodes. In the experiment, the localization error is tested through e average , which is shown in Formula (10).
In order to verify the performance of HTCRL localization algorithm, the algorithm is simulated through MATLAB R2012a. In this section, several parameters which affect the performance of HTCRL localization algorithm are analyzed in our simulations. It is assumed that the experiments are done in a two dimensional 1000 m × 1000 m area. The sensor nodes are distributed randomly and uniformly in the area respectively.
Random distribution is when unknown nodes and anchors are distributed randomly. Uniform distribution is when the area is divided into several grids and the unknown nodes and anchors are distributed randomly in the grids. It can ensure the sensors are placed at equal distances.
The number of anchors can be adjusted according to the communication connectivity of the network. The experiments are repeated 300 times and the average value is used as the final result.
There are 1000 sensor nodes spread out in the area.
Localization Error Varying with Anchor Heard(AH) and Communication Radius (R)
In this experiment, we analyzed the parameters of anchor heard and communication radius (R) that influent localization error rate.
In Figure 11a , the parameters are as flows: AH = 3~21, ANR = 3, ND = 8, R = 150 m, K = 0.0050. The sensor nodes are distributed in random distribution. Figure 11a shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the number of anchors heard increases. Instead, HTCRL localization algorithms performs better than APIT. The localization error rate of APIT is from 38.2% to 23.1%, while the localization error rate of HTCRL is from 35.3% to 22.5%. In Figure 11b , the parameters are as follows: AH = 3~21, ANR = 3, ND = 8, R = 150 m, K = 0.0050. The sensor nodes are distributed in uniform distribution. Figure 11b shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the number of anchors heard increases. Instead, HTCRL localization algorithms perform better than APIT. The In Figure 11b , the parameters are as follows: AH = 3~21, ANR = 3, ND = 8, R = 150 m, K = 0.0050. The sensor nodes are distributed in uniform distribution. Figure 11b shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the number of anchors heard increases. Instead, HTCRL localization algorithms perform better than APIT. The localization error rate of APIT is from 32.2% to 19.0%, while the localization error rate of HTCRL is from 30.1% to 18.9%.
From Figure 11a ,b, we note that HTCRL localization algorithm is more accurate than the APIT localization algorithm when they have the same parameters. In addition, comparing random distribution and uniform distribution, the performance in uniform distribution is better than in random distribution.
In Figure 11c , the parameters are as flows: AH = 3~21, ANR = 3, ND = 8, R = 450 m, K = 0.0050. The sensor nodes are distributed in random distribution. Figure 11c shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the number of anchors heard increases. Instead, HTCRL localization algorithms performs better than APIT. The localization error rate of APIT is from 60.1% to 31.2%, while the localization error rate of HTCRL is from 52.1% to 28.9%.
In Figure 11d , the parameters are as follows: AH = 3~21, ANR = 3, ND = 8, R = 450 m, K = 0.0050. The sensor nodes are distributed in random distribution. Figure 11d shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the number of anchors heard increases. Instead, HTCRL localization algorithms performs better than APIT. The localization error rate of APIT is from 48.2% to 30.1%. However, the localization error rate of HTCRL is from 45.1% to 26.9%.
From Figure 11c ,d, we note that HTCRL localization algorithm is more accurate than APIT localization algorithm when they have the same parameters. In addition, by comparing random distribution and uniform distribution, the performance in uniform distribution is better than in random distribution.
In the above experiments, the communication radius (R) is 150 m and 450 m separately. It can be seen from Figure 11 that the localization error rate is higher when R is 450 m. Therefore, communication radius (R) is not greater when the localization error rate is lower in the two algorithms.
In the experiments, the localization error rate decreases when the number of anchors heard is 3 to 21 and the communication radius is constant. When the value of AH increases gradually, it will increase the cost of the network. However, from the results of the experiments, when AH is from 3 to 9, the localization accuracy has been meet the requirements of outdoor localization. Therefore, it does not need to increase the value of AH gradually for little improvement in localization accuracy. Thus, the cost of the network will not increase a lot when it meet the requirements of outdoor localization.
Localization Error Varying Node Density (ND) and Anchor Percentage (AP)
This experiment analyses the parameters of node density (ND) and anchor percentage (AP) that influence localization error rate. In the experiment, the sensor nodes distributed in random distribution.
In Figure 12a , the parameters are as follows: AH = 18, ANR = 3, AP = 20%, R = 150 m, K = 0.0050. The sensor nodes are distributed in random distribution. Figure 12a shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the node density increases. When the node density is from 3 to 12, the localization error rate decreases dramatically. When the node density is from 12 to 21, the localization error rate changes little. The localization error rate of APIT is about 21%. The localization error rate of HTCRL is about 20%. The localization error rate of APIT is from 52.3% to 21.1%. The localization error rate of APIT is from 48.2% to 20.0%. In general, HTCRL performances better than APIT. localization error rate in APIT and HTCRL localization algorithms decreases as the node density increases. When the node density is from 3 to 12, the localization error rate decreases dramatically. When the node density is from 12 to 21, the localization error rate changes little. The localization error rate of APIT is about 21%. The localization error rate of HTCRL is about 20%. The localization error rate of APIT is from 52.3% to 21.1%. The localization error rate of APIT is from 48.2% to 20.0%. In general, HTCRL performances better than APIT. In Figure 12b , the parameters are as follows: AH = 18, ANR = 3, AP = 30%, R = 150 m, K = 0.0050. The sensor nodes are distributed in random distribution. Figure 12b shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the node density increases. When the node density is from 3 to 9, the localization error rate decreases dramatically. In Figure 12b , the parameters are as follows: AH = 18, ANR = 3, AP = 30%, R = 150 m, K = 0.0050. The sensor nodes are distributed in random distribution. Figure 12b shows that the overall trend of localization error rate in APIT and HTCRL localization algorithms decreases as the node density increases. When the node density is from 3 to 9, the localization error rate decreases dramatically. When the node density is from 9 to 21, the localization error rate changes little. The localization error rate of APIT is from 45.1% to 19.2%. The localization error rate of APIT is from 40.5% to 19.0%. In general, HTCRL performances better than APIT.
In the simulation experiments, the sensor nodes are distributed in two kinds of forms. One is random distribution, the other is uniform distribution. It can be seen from the experimental results that the localization error rate is smaller under the uniform distribution than random distribution. In this paper, assume the radius is 450 m and 150 m. The radius is relatively large. When the density of anchors heard and nodes increases continuously, the number of adjacent anchor nodes around the unknown node is equivalent increased. Due to the node location is fixed relatively under the uniform distribution, and the distance between anchor node and unknown node is within a certain range. The distance of the deployed nodes is fixed relatively, so most unknown nodes can communicate with each other. Therefore, the localization error rate is higher. As for the nodes deployed under the random distribution, the location of the nodes and the number of the anchor nodes around the unknown nodes are not fixed, so the localization error rate of the unknown nodes is relatively lower.
3.
Localization Error Rate Varying K In this experiment, it analyses the parameters of K that influence localization error rate. K is the proportion of triangles reduced. In the experiments, the sensor nodes distributed in random and uniform distribution respectively.
In Figure 13a , the parameters are as follows: AH = 3, AP = 20%, R = 450 m, K = 0.0020~0.01. The sensor nodes are distributed in random and uniform distribution.
distribution, and the distance between anchor node and unknown node is within a certain range. The distance of the deployed nodes is fixed relatively, so most unknown nodes can communicate with each other. Therefore, the localization error rate is higher. As for the nodes deployed under the random distribution, the location of the nodes and the number of the anchor nodes around the unknown nodes are not fixed, so the localization error rate of the unknown nodes is relatively lower.
Localization Error Rate Varying K
In this experiment, it analyses the parameters of K that influence localization error rate. K is the proportion of triangles reduced. In the experiments, the sensor nodes distributed in random and uniform distribution respectively.
In Figure 13a , the parameters are as follows: AH = 3, AP = 20%, R = 450 m, K = 0.0020~0.01. The sensor nodes are distributed in random and uniform distribution. Figure 13a shows that the overall trend of localization error rate in HTCRL localization algorithms decreases as K increases. When K is from 0.002 to 0.04, the localization error rate decreases dramatically. But when K is from 0.004 to 0.01, the localization error rate changes little. The localization error rate of HTCRL is about 15%. The performance is remarkable. The localization error rate of HTCRL is from 29.06% to 16.07% under the random distribution. Under the uniform distribution, the localization error rate of HTCRL is from 26.16% to 15.15% under random distribution. In general, localization error rate of HTCRL decreases when K increases gradually.
In Figure 13b , the parameters are as follows: AH = 3, AP = 30%, R = 450 m, K = 0.0020~0.01. The sensor nodes are distributed in random and uniform distribution. Figure 13b shows that the overall trend of localization error rate in HTCRL localization algorithms decreases as K increases. When K is from 0.002 to 0.04, the localization error rate decreases dramatically. But when K is from 0.004 to 0.01, the localization error rate changes little. The localization error rate of HTCRL is about 14%. The performance is remarkable. The localization error rate of HTCRL is from 24.01% to 14.7% under the random distribution. Under the uniform distribution, the localization error rate of HTCRL is from 23.05% to 14.12% under the random distribution. In general, localization error rate of HTCRL decreases when K increases gradually.
From Figure 13 , it can be seen that the localization error rate decreases significantly when K is greater than 0.004 under the two distribution. Moreover, it will decrease gradually with the increasing of R.
Conclusions
In this paper, we analyzed some related works about APIT localization algorithms. In view of their shortcomings, the paper proposes an improved APIT algorithm HTCRL, which is based on the principle of homothetic triangle. In order to compare the performance of these two algorithms, several experiments are done. We have considered different parameters, including random distributed network, uniform distributed network, anchors heard, node density, anchor percentage, anchor to node range ratio, and communication radius. In all these parameters, the performance of the HTCRL localization algorithm is better than the APIT algorithm without introducing additional hardware or communication overhead.
